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The interaction between electrons and “pseudolongitudinal” or “pseudotransverse” phonons
is derived and used in the calculation of renormalized phonon modes. Coupled modes involv-
ing plasmon and optical pseudolongitudinal or pseudotransverse phonons are expected to give
rise to observable anisotropic results in Raman scattering.

I. INTRODUCTION

Wave motion in homogenous isotropic media is
capable of a convenient representation in terms of
transverse and longitudinal modes. In the case of
real elastic media, such a decomposition becomes
idealized, sound waves moving near to a surface or
light passing through an anisotropic medium may
not be discussed in terms of purely irrotational or
divergence free waves. Similarly the lattice vibra-
tions of many crystals are not purely longitudinal
or transverse except in certain particular direc-
tions. The treatment of phonons and of electron-
phonon interaction in solid-state physics is usually
based upon an isotropic model for the crystal. If

such a model is augmented in favor of one display-
ing some on the anisotropies of real crystals it be-
comes interesting to consider the consequences.

In Sec. II of this paper an anisotropic electron-pho-
non interaction is derived and used in Sec. III to
determine the renormalization of the acoustic modes
and of th. electron gas. Some of the consequences
are outlined in Sec. IV together with a discussion

of the possibility of the existence of observable ef-
fects. Finally in Sec. V the mixed optical phonon
and phonon modes are derived and their significance
in Raman scattering discussed.

II. ANISOTROPIC ELECTRON-PHONON COUPLING

In a crystal, having a single ion in each cell, the
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ith ion is displaced from its equilibrium position

R ;o by a small distance 6R; as a result of thermal
vibrations of the crystal. In such a crystal three
normal modes of vibration occur which are charac-
terized by normal mode vectors §,, and polarization
vectors €,,, where k is a momentum vector and the
index X labels the three modes; thus

5Ri‘xz} akh'gkheii.nw . (1)
A

The polarization vectors are orthogonal €, €,,.
=0y, in the special case of a crystal without a
basis. If the crystal lattice were totally isotropic
then the direction of propagation of the vibrations
fi would be the same as k and the displacements of
the ions perpendicular or parallel to this direction
of propagation. In a real crystal the ionic displace-
ments do not take place parallel or perpendicular
to the direction of propagation, or to X, unless the
vibrational mode happens to propagate along some
special symmetry direction. Thus, in general,

€ U |qm| and €, -qn#0 (0 =2,3),

and such lattice vibrations may be classified as
“pseudolongitudinal” x =1, or “pseudotransverse”
r=2,3. '

In certain materials the derivations of these
modes from the purely longitudinal or transverse
cases is by no means negligible; for example, in the
case of zinc, Musgrave! computes the maximum
angle between the displacement vector and the wave
normal for a LA wave to be almost 30° and the
angle between the ray and the wave normal to be
greater than 30°.

Since electrical fields are associated with the
lattice vibrations and coupling to the electron gas
is a result of the ionic displacements, it is impor-
tant to investigate any new effects which result
when the simple picture of lattice vibrations is
modified.

The coupling of electrons to phonons may be
written

Akk'l:th(E_E’)V(E—E,), (2)

where k and k/ are the initial and final wave vec-
tors of the scattered electron and V(k-k') is a
matrix element between these initial and final
states. If we assume umklapp processes to be neg-
ligible, that is confine ourselves to low tempera-
tures and to momenta which are not close to the
zone boundary, then we may assume that the matrix
element V(k -k ‘) is a function of (k-k’)=4 alone.
Hence

Ap=¢,-4V() . (3)
Let the angle between § and €,, be A,, then
Ap=cos(a,)qV(g), (4)
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and for arbitrary directions of propagation of pho-
non modes in the crystal the coupling of transverse
phonons to the electrons is not zero. The coupling
constant between the electron gas and each vibra-
tional mode depends upon the direction of propaga-
tion of that mode. Only in the special case Ay,
=Ap,=37, A;=0°, does A,;=0, A;;=qV(g). This
orientation-dependent coupling will give rise to ad-
ditional renormalization effects and certain aniso-
tropic phenomena which are discussed in Secs.
I1-VI.

III. RENORMALIZATION

The dispersion relation for longitudinal phonons,
which have been calculated on the basis of an un-
screened ion-ion potential, has incorrect asymp-
totic behavior in the long-wavelength limit, the
phonon frequency does not approach zero. However,
when the effects of electron scattering from phonons
are considered the longitudinal mode becomes re-
normalized and an effective lattice mediated inter-
action between the electrons appears.

If the electron-phonon interaction derived in Sec.
I is used, then the pseudotransverse as well as the
pseudolongitudinal phonon modes will be renor-
malized. In the harmonic approximation the fol-
lowing Hamiltonian may be assumed:

H=2, €,ClCpo+ 22 3Vg)(Cl,,Ch i Cp C,)
b 'k

FEQubhbmt L Apbn+bla)ChLC,,
M by=pook

(5)
where C; and b} are creation operators for elec-
trons and phonons, respectively, the first two
terms describe the electron gas, the third term
describes the three phonon modes having frequen-
cies ,,, and the final term contains the electron-
phonon coupling “constant, ” a function of cosa, .
With the aid of retarded double-time Green’s func-
tions the dispersion relations of the various modes
may be calculated. The phonon Green’s function
(B, BL)) is defined in terms of the operators
By=bp+bY, Bh=bh+b . Similarly a two-par-
ticle Green’s function for the electron gas {(o,, py))
is defined in terms of the density operator
P=35C s Cy -

The equation of motion for the phonon Green’s
function using the Hamiltonian (5) is

(w?- Qfx) {(Bp, B;x 0= (R /27) + A s 2 (P » ng» .
(8)

The equation of motion for the mixed Green’s func-
tion which occurs on the right-hand side of (6) is

[1+V, x(®) K{pe, BlA»: x(%) ZA'Akx' (B B;x» ’
(7)
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where
x(k)= Z;p (Rpe =1p) /(W = € +€,)

and n, are the electronic occupation numbers.
Using expression (7) one obtains for the phonon
Green’s function

(wa - QE) « Bpys B;x»

Qk). A X(R)

2o Ty L Ave ( By By . (8)

Writing 4,, = A, /[1 + V,x(¢)] as the screened matrix
element for electron-phonon coupling, (8) becomes

[w? - ng _AkAZkAX(k)Qk).] { B, B:). »

2 4 Ay Qk).X(k)xZE Ay By, B, ). (9)
%

b 23
2m

.In the case of isotropic electron-phonon coupling
with A, =0, Ap =3 7, the two transverse modes are
uncoupled and unrenormalized and the dispersion
relation for the longitudinal mode derived from (9)
is just that found by Bardeen and Pines. 2

In the case of arbitrary directions of propagation

|

24 Ele(k)le
M= 2Ak2 AkIX(k)QkZ

24,5 ZnX(k)Qka 2A.3

Writing L = B51 — M one obtains finally for the matrix
elements of the Green’s function for the renormal-
ized phonon modes

By=[(L);;/detL|(U/m) . (14)

Each renormalized phonon frequency is a function
of all three bare-phonon frequencies and coupling
constants. At nonzero temperatures one would ex-
pect that anharmonic phonon terms would be larger
than effects due to the off-diagonal terms occurring
in M. That is the anharmonic effects should domi-
nate the phonon-damping mechanisms.

Using a similar procedure, the density-fluctuation
Green’s function for the electron gas is

(1+ka(k E%‘—%—*}‘%)« kpk>)—X(k) (15)
A

In the absence of any coupling to the phonons, one
obtains the familiar dispersion relation

0= N Npsp —Np
1+V, ';l w-€e(p+k)+e(p)’
and collective density oscillations occur at a char-
acteristic plasmon frequency w,. Switching on the
electron-phonon interaction acts as a small pertur-
bation to the plasmon mode since w, > §,, ; however,

(16)
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of the phonons, as a result of the anisotropic cou-
pling constant (4), the dispersion relations become
more complicated; all modes are renormalized and
in addition become coupled via the mixed Green’s
function on the right-hand side of (9). This may

be seen explicitly by writing the renormalized pho-
non Hamiltonian

Hrsn:§ Qo biagor+ ? X(R) Aga Ay

X (bepr + 0% a YOI + D) . (10)

The dispersion relations for the three phonon modes
may be calculated with the aid of the Green’s func-
tion B= ((B,, BL)), where B,=(B,1, Bys, Bys).
Using the Hamiltonian (10), the equation of motion is

Bi'B=U/1+MB , (11)
where B is the unperturbed Green’s function,
2 0 0
U=l 0 £ 0 |- (12)
0 0 9
and
2Ap ApX(R)Qy 244 AwX(k)Dy
2Aps ApeX(k)Rz 2Aps ApsX(R)Qe (13)
ApoX(R) s 2A43 ApsX(R) Ry

in the case of semiconductors the optical phonon
modes may in certain cases have a large effect
upon the plasmon modes.

In a normal metal the effect of the LA phonons
upon the electron gas is to produce a very small
effective interaction; for sufficiently small differ-
ences €,,, — €, <w, this interaction becomes attrac-
tive. In the present case, the magnitude of w, and
the value of the matrix elements of the attractive
interaction depend on all three phonon modes and
coupling constants, thatis, the critical supercon-
ducting temperature would not be simply related to
the frequency and coupling constant of the longitu-
dinal mode alone.

IV. EFFECTS

It is of interest to decide if such anisotropies in
the coupling of electrons to acoustic phonons are
manifest in any observable solid-statée phenomena.
One may immediately predict anisotropies in elec-
tron scattering, ultrasonic attenuation, and mag-
netoresistance. However, the discussion below in-
dicates that any of the existing experimental results
does not have a clear interpretation. Anisotropies
in the scattering rate should occur, however such
effects are sensitive to the shape of the Fermi sur-
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face and unless this is known with sufficient accu-
racy, any attempt to discuss the effect in terms of
anisotropies in electron-phonon coupling would be
futile.

The attenuation of ultrasonic waves at sufficiently
low temperature is a result of interactions involving
the conduction electrons and any faults in the crys-
tal. This attenuation is a function of the orientation
of the crystal but one supposes that such effects
are dominated by anisotropies of the Fermi surface.
In the case of copper, however, experimental re-
sults cannot be fully understood as a result to cal-
culations based on deviations of the Fermi surface
from a spherical shape.?

Magnetoresistance is a highly anisotropic phe-
nomena, the transverse magnetoresistance of a
crystal vanishing in a free-electron model; in a
real metal it is found that the magnetoresistance
does not vanish and its temperature dependence is
sensitive to the orientation of the magnetic field.

A number of suggestions as to such orientation de-
pendence have been offered.* However, until ac-
curate calculations are made it does not seem pos-
sible to identify the relative magnitudes of such
effects.

In the case of acoustic phonons one finds the re-
normalization and coupling of the phonon modes
and the modification of the lattice mediated elec-
tronic interaction leading to a more complicated
expression for the superconducting critical tem-
perature.

Finally, no anisotropic effects due to acoustic
phonon-electron coupling appear to be at present
detectable. Nevertheless, in the analysis of the
accurate experimental data considerations of phonon
anisotropies should be included.

V. PLASMON-PHONON MIXED MODES

In general, plasmon and optical phonon modes
have frequencies which differ by several orders of
magnitude. However if a semiconductor is doped
in a particular manner the plasmon frequency may
decrease below that of the optical phonon frequency.
Thus it becomes possible to look for plasmon
optical phonon mixed modes which propagate through
the semiconducting material. Such modes have been
detected by Mooradian and Wright® using Raman
scattering methods.

The derivation of an electron-phonon matrix in
the case of a crystal containing two oppositely
charged ions in the primitive cell is not as simple
as that discussed in Sec. III.

The simple orthogonality condition on the polariza-
tion vectors E'“E'w = §,,+ is replaced by

2
20 €m€mrs =0, b=1,2
b=l

where b labels the branches, optical and acoustic.
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In addition the approximation V(K -k')= V(q),
where ¢= |K-Kk'|, is more difficult to justify. If
one assumes that umklapp processes are again neg-
ligible and the optical and acoustic branches are
well separated then the matrix element for elec-
tron optical phonon coupling may be approximated
by

Woro=€a2d V(q) ,

(17)
where _e.m is the polarization vector for optical
modes. Since only optical modes will be referred
to below the index b will be dropped.

A rather simple Hamiltonian which reduces to
that of Singwi and Tosi® in the case of an isotropic
lattice will be used to represent the coupling of
optical phonons to plasmons:

H=2 Qub},0p, + 2 0,050,
I3 »

+;5% Wy (ah+a_,)(b,, +b%,,) , (18)
where b,, creates an optical phonon of frequency
Q) and polarization A and a: creates a plasmon of
frequency w, and is assumed to obey Bose commu-
tation relations. The plasmon frequency is propor-
tional to the electron carrier concentration. In-
troduction of the operators @,=aj+a_, and B, =b,,
+b',, enables the Green’s functions ((@,, a})) and
(B, Bph)) to be evaluated. The plasmon Green’s
function yields the dispersion relation

WE, @

Py (19)

w?— wf —4w, 25 =0,
.

the plasmon being coupled to all three optical phonon

modes. In the case of a plasmon propagating along

a lattice plane such that the ionic displacements are

perpendicular to the direction of propagation, (19)

simplifies to the familiar form

wl— wf—4w, WZ 9 /(W¥-Q% )=0. (20)

In other directions the dispersion relation is more
complicated and depends upon the relative magni-
tudes of coupling constants and frequencies.

Proceeding in a similar manner to Sec. III the
renormalized optical phonon modes are associated
with the Hamiltonian

H,,,,:? _s:z,,,tbf,hbpﬁ%)' Z 3 Bor By (21)
where

Q4= +4aWhw,Q, /(QF - W) (22)
are the renormalized frequencies and

Z gy = 2 W Worw, /(0¥ = wf) . (23)

The dispersion relation (19) may also be written
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4 4 4
8_ 6 2, 4
W=t witw < 2 wiwi- 4w, Ewai>
i=2

i=1 i#j=1

27 Whw; (wi+ wi))

4
- ? ( 2 w? Wi wi- 4w,
i#j#k=2

i#j#h=1

2 Wiw; wie?, (24)
1#i#k=2

+ wiowdwiw? - 4w,

where the notation w;=w,, w;=8,,, W;=W,, i=2
=2, 3, 4 is used for convenience,

Further investigation of this dispersion relation
is possible once a specificy form for the electron-
phonon interaction is proposed. In the long-wave-
length approximation such an interaction may be
derived electrostatically.

Consider the response of the lattice to the charge
density p(%, 1),

V.D=4mp. (25)

In the long-wavelength approximation, the polar-
izations of the lattice combine additively, thus

§=bzz E+ bay Exﬁx , (26)

where 1, are the relative displacements of the ions.
The electric field is thus given by
v.E=

4r > -
mg—g <— bm? V-ux+p(r,t)> . (27

It the longitudinal vacuum field caused by p(¥, ?)
is E,,. in the direction @i, which is the direction of
propagation of the phonons, then the solution to Eq.
27 is ‘

-

— Ay, 2o u, cosd, + B (28)

for Pl
N T, 1+ 4nby,

where 6, is the angle between 1 and 4, .
If the orientational dependence of the unrenor-

6 2

2

malized optical phonon frequencies is ignored then
by and by, may be taken as constant and the famil-
iar identification

€ — €, \!2 €.-1
b12= (’ 04‘” ‘> Wo -and b22= T”T—_

made, where € and €, are the high-frequency and
static dielectric constants, respectively, and w, is
the infrared dispersion frequency. The electric
field becomes

172 o 1 -
Efi=-w, [L’m (1— - —1>:| 2. Uy T oSOy + — Eygo,
€ o € by €

©

(29)

where w, is taken to be the value of ©;, in the case
6,=0(=4A;). The interaction term introduced into
the Hamiltonian for the system by the coupling of
p(T, #) to the x optical mode is

int 1 1|2
H™ =~ o, | 4r( =~ < Uy, E g COSD, (30)

In the case that ﬁvac represents the longitudinal field
of the electron plasma® the interaction is

Wi =3[w, w, (1- €./€,)] 2 coss, . (31)

The dispersion relation (19) may be evaluated in
the approximations stated above using (31), in ad-
dition to simplify the expression and to render its
behavior more transparent 67T, is set equal to 3,
that is one of the transverse modes is assumed to
be isotopic. Setting Q2 )= szz = (€e./€p)w? the dis-
persion relation becomes

W= wH(wl+ ol + 0f) + WP [wiwd + 0wl sin®6; + wiwh(1+cos?6,) - wiwrw, (1 - €./€p)cos?s,]

- wiw? wisin®s, - wl w} cosdy + wiwrw} (1-€./€p)cos®5,=0. (32)

The asymptotes to this dispersion relation become

wi=0, wi=wl=wh=wi=w? (33)

and

208 3~ wl sin®6, + wh (1 +c0826,) - wy wr(1-€./€y) cos?s,

+{[w? sin®6, + w5 (1+cos%,) - wy wp(l - €./€,)cos?5,]2

- 4[wi whsin®s, + whcos®s;, — wy wp(w? wh)cos?s,] 12 (wh, wh, wi—~wi). (34)
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FREQUENCY ——

CARRIER  CONCENTRATION ——

FIG. 1. Behavior of the mixed modes, from Eq. (32),
with increasing electronic carrier concentration.

As the plasma frequency increases, the pseudo-
transverse mode w; increases in frequency from
wyp to a limiting value below w;. The behavior of
these modes is illustrated schematically by Fig. 1.
In the case in which 67, =6T,=3m, 6, =0,

20§ 4= Wi+ wd x[(wE+ wl)2-40iwd]12,

Wi = wi=wd (35)

and the TO phonons are unperturbed by the plasmon,

The angular dependence of the frequencies of the
modes was evaluated using the frequencies wq
=268 cm™, w; =291 cm™, and w, =700 cm™ and is
displayed in Fig. 2; to facilitate the numerical
solution of Eq. (32) it was assumed that &, = 37
- 0T,.

Hence in a Raman scattering experiment as the
crystal is rotated from an orientation involving
scattering from the mixed plasmon pure-LO-pho-
non modes the pseudotransverse phonon line will
shift towards higher frequencies while the pseudo-
longitudinal optical phonon line is depressed to
lower frequencies. The magnitude of the effect of
course depends upon the degree of anisotropy of
the sample,

In making a calculation of the cross sections for
Raman scattering several refinements may be in-
cluded. For example, the propagating electromag-
netic wave couples to the TO phonon and in the
anisotropic crystal there will be some degree of
dispersion of the light from all modes. Strictly
the Raman scattering of light is from the mixed
photon-plasmon-phonon modes. If the crystal ex-
hibits a high degree of anisotropy it is no longer

F. DAVID PEAT 3

possible to treat the electromagnetic wave as pure-
ly transverse; that is the ray vector and the wave
are not parallel; the electrical displacement is not
perpendicular to the direction of propagation. An-
isotropies in the plasmon mode alone, in which
coupling to the electromagnetic field results in
mixed plasmon-photon modes have been discussed
by Foo and Tzoar."

VI. CONCLUSION

The anisotropic coupling between the electron
gas and each of the acoustic phonon modes has been
found to lead to a coupling of these modes and ad-
ditional renormalization. These effects are not
expected to be appreciable unless accurate experi-
ments may be unambiguously analysed. In the
case of optical phonons coupling of plasmons to all
three lattice modes occurs and it would appear to
be a simple experimental procedure to observe such
mixed modes. These considerations indicate an
experimental investigation of anisotropic effects
could be performed, in particular using a material
whose vibrational characteristics are sufficiently
well known so that comparison with a theoretical
prediction could be made.
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The cyclotron resonance of holes in bismuth has been carefully investigated using micro~

waves of frequency 50 GHz in the Azbel’-Kaner configuration.

It was found that the reflection

peak is extremely weak at the fundamental but strong at the second harmonic, and the second-
harmonic line shape may be quite complicated. These anomalous effects may be explained if
the longitudinal magnetoplasma excitations in the vicinity of the second harmonic (Bernstein
mode) are coupled with the electromagnetic waves of a magnetoplasma (Alfvén waves) in the
weakly nonlocal regime. As a result, the location of the reflection peaks shifts from that of
the exact cyclotron harmonics. Taking into _a;tcgount these shifts, we determine_g the cyclotron
masses of holes to be (0.210+0,002)m, for BLE, and (0.217 +0.002)m, for Bl E.

I. INTRODUCTION

A considerable number of experimental and theo-
retical investigations'~® have been performed on
magnetoplasmas in bismuth in the microwave fre-
quency region for the Voigt configuration.

The magnetoplasmas in bismuth have been inves-
tigated through the tilted-orbit cyclotron reso-
nances, ? hybrid resonances, ® Alfvén waves, "~'' and
Azbel’ -Kaner cyclotron resonances.®*'2 While the
first three of these are observed for the classical
skin effect condition, the last is observed in the ex-
tremely anomalous condition. However, in practice
the hole cyclotron resonances in bismuth occur in
a weakly nonlocal condition, especially in the case
that the hole cyclotron frequency is less than the
electron-hole hybrid resonance frequency.

Hebel® has discussed a slightly anomalous skin
effect for the rf electric fields of the microwaves
parallel to the static magnetic field (_E':”HE; ordi-
nary configuration). He found that the cyclotron
resonance due to the dipole transition arising from
the transverse excitation occurs only for the funda-
mental in this case. However, in the extraordinary
configuration the longitudinal component of the di-
electric constants should play an important role.

In this paper we shall present both the experi-
mental results and the theoretical calculations for
the anomalous line shape of hole cyclotron reso-
nances in bismuth, especially for the extraordinary

configuration. Our data indicate that the reflection
peak near the second harmonic is stronger than the
peak associated with either the fundamental or other
harmonics. In addition, the line shape of the re-
flection peak may be quite complicated. This be-
havior is quite different from those for metals with
large values of wt, in which case the line shapes
depend upon the structure of the Fermi surface as
was explained by Chambers'® and experimentally
shown by Moore. '

II. PLASMA EXCITATION AND PHOTON-PLASMA
COUPLED MODE

The Azbel’ -Kaner cyclotron resonances for met-
als have been discussed in terms of surface imped-
ance. *~'7 In Sec. IV we shall analyze the line
shapes of the microwave reflection from this view-
point and compare with experimental results. In
this section we shall present a preliminary discus-
sion using the diSpersion relations for plasma ex-
citations. We shall assume for simplicity that the
energy surfaces are spherical.

Throughout our treatment we assume that the
static magnetic field B is oriented along the z axis,
and the wave vector { is parallel to the x axis of a
Cartesian coordinate system. The dispersion re-
lations for magnetoplasma excitations as well as
the coupled modes of excitations between electro-
magnetic waves and plasma can be given in terms
of the dielectric functions



